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We consider the interaction of a magnetically trapped Bose-Einstein condensate of Rubidium
atoms with the stationary microwave radiation field sustained by a coplanar waveguide resonator.
This coupling allows for the measurement of the magnetic field of the resonator by means of counting
the atoms that fall out of the condensate due to hyperfine transitions to non-trapped states. We
determine the quantum efficiency of this detection scheme and show that weak microwave fields at
the single-photon level can be sensed with an integration time on the order of a second.
I. INTRODUCTION
Sensing extreme low-intensity radiation fields in the
quantum regime requires high-efficiency, low-noise detec-
tors. In the case of the optical wavelength range, single-
photon detectors are widely available. The thermal noise
at optical frequencies is naturally suppressed at room
temperature. Moreover, the electric dipole transitions in
atoms or in semiconductors give rise to large coupling to
the electromagnetic field and, ultimately, to high quan-
tum efficiency. By contrast to the optical case, photon
counting of microwave radiation is still a formidable task.
It is possible to count microwave photons of a resonator,
for example, by means of Ramsey interferometry with
highly-excited circular Rydberg atoms [1]. Analogous
schemes have been demonstrated for microwave waveg-
uide resonators integrated in a circuit with strongly cou-
pled superconducting non-linear elements, such as e.g.
Josephson junctions [2]. In these chip-based circuits the
quantization of flux and charge leads to quantized elec-
tric and magnetic fields at microwave frequencies, in ac-
cordance with the longitudinal dimension of the device
[3]. However, the resolved detection of photons based on
the same principle as that of commonly used optical de-
tectors, i.e., the absorption by a ground-state material
probe, is missing in the microwave regime.
In the microwave frequency range, the naturally oc-
curring transitions in material quantum systems are mag-
netic ones, which are weaker than the electric dipole tran-
sitions typically by a factor of the fine structure constant
α = 1/137. One promising candidate is the spin de-
gree of freedom of point defects in nanocrystals, which
provides for a portable, well localised probe of the field
[4, 5]. Alternatively, hyperfine transitions of atoms in
the electronic ground state can be considered [6]. In this
approach, the quantum efficiency of the detection can
benefit from the collective enhancement gained by using
a degenerate atomic cloud, i.e., a Bose-Einstein conden-
sate (BEC) of trapped atoms. The price to pay is that
the condensate is not so well localised as a single spin or
atom, nevertheless, it is still orders of magnitude smaller
than the corresponding wavelength of the radiation. The
trapped BEC is an ideal probe of weak external fields due
to the fact that all their relevant degrees of freedom can
be controlled with unprecedented precision [7, 8]. That
is, it approaches closely the ultimate quantum-noise limit
requested from a detector.
In this paper we evaluate the detection capabilities of
a BEC in the microwave regime. In particular, we in-
vestigate whether a microwave field at the single-photon
level can be sensed and translated to a detectable signal
by means of the atomlaser scheme [9, 10] for magnetic
noise measurement [11–13]. It has been first proposed in
Ref. [14] that strong-coupling between ultracold atoms
and the magnetic field of a waveguide resonator can be
achieved. Recently, the near-field microwave radiation of
a coplanar waveguide resonator (CPW) has been success-
fully coupled to ultracold atoms [15]. In this experiment
the light-shift of a hyperfine transition induced by the
strongly driven resonator mode in the large photon num-
ber regime was detected by Ramsey interferometry and
the possibility of coherent control of the hyperfine states
was demonstrated by directly observing resonant Rabi
oscillations. Here we consider the opposite, weak field
limit and restrict our aim at the detection of a feeble
radiation field. To this end, we resort to the atomlaser
detection method which relies on counting single atoms
outcoupled by the measured field and falling out of the
trap due to gravity [9, 13].
The paper is organized as follows. In Sec. II we con-
sider a feasible setup where the condensate is situated at
the antinode of the magnetic field under the microwave
resonator, so that the outcoupled atoms can fall out of
the trap due to gravity. Sec. II A is devoted to the de-
scription of the atomlaser scheme, where an appropriate
hyperfine transition is driven by a microwave-frequency
magnetic field, and the density of outcoupled atoms is
determined using the results of [13]. Sec. II B overviews
the geometry and the description of the coplanar waveg-
uide resonator. In Sec. III we consider the process of
sensing the magnetic field of a single photon in the res-
onator. First, in Sec. III A we give an approximation
for the magnetic field when there is, on average, a sin-
gle photon in the resonator, and present an analytical
formula for the number of outcoupled atoms. Then, in
Sec. III B we consider typical parameters for the BEC
and the CPW for our setup and estimate how many out-
coupled atoms would be found per a single microwave
photon in a unit of time assuming perfect ionization de-
tection of the atoms. We conclude in Sec. IV.
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2II. THE SETUP
In order to achieve maximal coupling between the BEC
and the CPW, the ultracold rubidium atom cloud is sit-
uated at the center of central conductor of the waveguide
resonator, as shown in Fig. 1, with the CPW above the
condensate so that the outcoupled atoms can fall out and
once spatially separated from the trap, be detected and
counted with single-atom precision [16].
FIG. 1. (color online) Sketch of the the setup to sense the
magnetic field of a CPW with a BEC.
A. The Bose-Einstein condensate
We consider ultracold 87Rb atoms prepared in the hy-
perfine manifold F = 2 of the ground state 5 2S1/2, placed
in an external magnetic field B(r) in the presence of
gravity, with gravitational acceleration ggr. The total
atomic angular momentum Fˆ interacts with the magnetic
field according to the Zeeman term HZ = gF µBFˆB(r),
where µB = e~/2me is the Bohr magneton, and gF is
the Lande´ factor. The dominant component of the mag-
netic field B(r) is a homogeneous offset field Boffs point-
ing along the z direction. The eigenstates of the spin
component Fˆz, labelled by mF = −2,−1, 0, 1, 2, are well
separated by the Zeeman shift ~ω0 = µBBoffs/2, the
mF = 2 level being the highest in energy (due to the
fact that gF=2 = 1/2). The inhomogeneous component
of the magnetic field B(r) creates a harmonic trapping
potential around the minimum of the total magnetic field
in which we assume atoms to be confined in the low-
field seeking state |2, 1〉. To a good approximation, B(r)
gives rise to the static potential V|2,1〉(r) = ~ωL +VT(r),
where ωL =
1
~
[
~Ω + ~ω0 +
Mg2gr
2ω2y
]
is the Larmor fre-
quency in the presence of gravity, ~Ω = ~2Ahfs ≈ 6.8347
being the hyperfine splitting of the 5 2S1/2 state, and
VT(r) =
M
2
[
ω2xx
2 + ω2yy
2 + ω2zz
2
]
is the harmonic trap-
ping potential with ωx, ωy and ωz being the trap fre-
quencies in the x, y, and z directions, respectively, and
M being the atomic mass. Note that the origin of the co-
ordinate system does not coincide with the minimum of
the magnetic field but is displaced by a significant grav-
itational sag y0 = −ggr/ω2y.
In the magnetically trapped |2, 1〉 state, we as-
sume a pure Bose-Einstein condensate (BEC) described
by the second quantized field operator Ψˆ|2,1〉(r, t) =
√
N0ΦBEC(r)e
−i(ωL+µ/~)t, where the wavefunction ΦBEC
is the stationary solution of the Gross-Pitaevskii equation
with chemical potential µ and atom number N0.
We have previously considered the outcoupling of BEC
atoms by an external, spatially homogeneous, time-
varying magnetic field polarized in the x direction, with a
monochromatic carrier frequency in the radio-frequency
domain, which could quasi-resonantly induce magnetic
dipole transitions from the trapped state |1,−1〉 into
the untrapped state |1, 0〉 [13]. Here we couple the
BEC to a microwave cavity in a similar manner, based
on the fact that magnetic dipole transitions among the
F = 2 and F = 1 manifolds are also possible. The
homogeneous offset magnetic field splits the magnetic
sublevels of the F = 1 manifold as well, the split-
ting between consecutive levels also being ~ω0. By de-
composing the total magnetic moment of the atom as
µ = µL + µS + µI , it can be shown that in the 5
2S1/2
ground state only the Sˆ+ and Sˆ− operators have nonvan-
ishing matrix elements between the magnetic sublevels of
the different F manifolds. (This can be seen by express-
ing the basis states {|F,mF 〉 , F = 1, 2, mF = −F, ..., F}
common to the operators Sˆ2, Iˆ2, Fˆ2, Fˆz with the basis
states {|mS ,mI〉 , mS = −1/2, 1/2, mI = −3/2, ..., 3/2}
common to the operators Sˆ2, Iˆ2, Sˆz, Iˆz.) Here we consider
transitions between hyperfine states |2, 1〉 and |1, 0〉 and
therefore focus on the matrix element 〈1, 0| Sˆ− |2, 1〉 =
−√3~/2√2.
Atoms in the state |1, 0〉, which can be described by
the field operator Ψˆ|1,0〉(r, t) are not affected by the off-
set field and the inhomogeneous trapping field, they move
under the influence of gravity and the mean-field poten-
tial N0gsΦ
2
BEC(r), with gs = 4pi~2as/M , and scattering
length as (as=5.4 nm for
87Rb). We consider a setup
where at the location of the BEC the microwave magnetic
field is quasi-homogeneous in the x direction, so that the
perturbation caused by the magnetic field can be writ-
ten as VI = gSµBBx(t)Sˆx/~, where Sˆx = (Sˆ+ + Sˆ−)/2,
and Bx(t) = Bx cos(ωCPWt). We assume that initially
no atoms populate the |1, 0〉 state. To leading order in
the small quantum field amplitude Ψˆ|1,0〉, the equation
of motion in rotating-wave approximation reads
i~
∂
∂t
Ψˆ|1,0〉=
[
−~
2∇2
2M
+Mgy +N0gsΦ
2
BEC(r)
]
Ψˆ|1,0〉
− ~ ηΦBEC(r) ei∆·t , (1)
where η =
√
3µBBx
√
N0/4
√
2~ and ∆ = ωCPW−ωL−µ/~
is the detuning of the microwave frequency from the
transition frequency at the trap center. Here we con-
sidered the BEC as an undepleted reservoir, i.e., the
quantum fluctuation δΨˆ|2,1〉 was neglected in compari-
son with ΦBEC as it corresponds to a second-order pro-
cess. Furthermore, we assumed that the quantum field
components in the |1,mF 6= 0〉, or the |2,mF 6= 1〉 sub-
levels are also negligible when the |2, 1〉→|1, 0〉 transition
is on resonance with the microwave frequency as they are
3detuned by ∆ω ≥ ~ω0. Finally, we can neglect the tran-
sitions |1, 0〉→|2, 1〉 back to the condensate, originating
from the matrix element 〈2, 1| Sˆ+ |1, 0〉 6= 0, because the
atoms fall out of the trap before completing a Rabi cy-
cle. Within these approximations, the dynamics of the
outcoupled field Ψˆ|1,0〉(r, t) is decoupled from the other
Zeeman states.
In Ref. 13 we gave the solution to the partial dif-
ferential equation that was similar in form to Eq. (1)
with the approximation that the the mean-field poten-
tial N0gsΦ
2
BEC(r) is negligible compared to the gravita-
tional potential. We used the Green function of the cor-
responding free-fall problem to determine the density of
outcoupled atoms per unit time
N(∆, r) =
∣∣∣∣ ~ηMgl0
∣∣∣∣2
∞∫
−∞
dωD(ω −∆, r)S(ω) (2)
and the so-called spectral resolution function D(ω−∆, r)
of the BEC as a measuring device (see App. C), where
S(ω) is the power spectrum of the outcoupling magnetic
field, and l0 =
(
~2/2M2g
)1/3
is the natural length of the
Airy function (free fall problem). The integral over ω
represents the fact that due to the presence of gravity,
frequency components that are larger (smaller) than ∆
(the detuning of the carrier frequency of the time-varying
magnetic field from the transition frequency of the atoms
at the BEC center), can also couple out atoms from the
cloud since they may be resonant at y < 0 (y > 0). D(ω−
∆, r) has the dimension of 1/volume and is dependent
on the geometry of the BEC cloud. For a spherical BEC
that is several times larger than l0 in every direction, it
is symmetric and has a maximum at ω −∆ ≈ 0 [13].
Here we focus on outcoupling by a monochro-
matic time-varying magnetic field, which corresponds to
S(ω) ∼ δ(0). The density of outcoupled atoms in this
case is given by
N(∆, r)=
〈
Ψˆ†|1,0〉(r) Ψˆ|1,0〉(r)
〉
=
∣∣∣∣ ~ηMgl0
∣∣∣∣2D(0−∆, r).
(3)
N(∆, r) is maximum for ∆ ≈ 0, i.e., when the detuning
of the frequency of the outcoupling magnetic field from
the transition frequency at the center of the BEC is zero.
B. Coplanar waveguide resonator
We consider a (superconducting) coplanar waveguide
resonator (CPW) of length L with a central conductor
strip of width S and two ground electrodes of width w at
a distance W from the central conductor situated on a
substrate of thickness h and relative permittivity εr (see
Fig. 1). In order to effectively couple the CPW to the
hyperfine transition |2, 1〉 → |1, 0〉 of the BEC atoms, the
microwave frequency of the resonator should be resonant
with the transition frequency of the atoms at the center
of the BEC, i.e., ωCPW ≈ ωL + µ/~. Due to the effect of
gravity, the transition frequencies at the top and bottom
of the atom cloud are detuned by −Mga/~ and Mga/~
from ωCPW, respectively, with a being the semi-axis of
the condensate in the direction of gravity. As long as
the corresponding bandwidth is larger than the linewidth
of the CPW resonator mode, the full power spectrum
of the field mode contributes to the outcoupling of the
atoms. In the case we will consider, there is an order of
magnitude difference, which justifies the monochromatic
approximation leading form Eq. (2) to Eq. (3).
The CPW’s mode wavelength corresponding to ωCPW
is λg = λ/
√
εeff = 2pic/(ωCPW
√
εeff) where c is the speed
of light in air, and εeff is the effective dielectric constant,
which can be aproximated by analytical methods using
the conformal mapping technique [17] c.f. App. A. Here
we consider a CPW of length L = λg/2, and assume that
only the fundamental longitudinal mode is excited, for
which the components of the magnetic field can be ana-
lytically determined using the quasi-static approximation
[17], c.f. App. B. Using Eqs. (B2) we can estimate the
mode volume Vc =
∫
V
d3r|B(r′)|2/|Bmax|2 of the CPW
cavity for the different transverse modes n. It can be
shown that the mode volume scales inversely with n, it
is the largest for the lowest transverse mode (n = 1) for
which it can be approximated as Vc ≈ Lb2/pi. In what
follows we will restrict ourselves to the case when only
the lowest transverse mode is excited in the CPW.
III. THE QUANTUM EFFICIENCY OF THE
SENSING PROCESS
A. The number of outcoupled atoms
In order to determine the number of outcoupled atoms
per a single microwave cavity photon, we estimate the
maximum of the inhomogeneous magnetic field corre-
sponding to one energy quantum ~ωCPW in the mi-
crowave cavity by
|Bmax|=
√
2µ0~ωCPW
Vc
, (4)
since when the magnetic field is maximal (in time), then
all of the photon’s energy is carried by the magnetic field,
c.f. App. B.
Alternatively, one can estimate |Bmax| based on the
circuit quantum electrodynamical formulation [3], where
the amplitude of the voltage operator is given by V0 =√
~ωCPW/CCPW, with CCPW being the total capacitance
of the cavity. Substituting this into Eqs. (B2) and using
Eq. (A2) the maximum of the magnetic field can be writ-
ten as ∣∣BCQEDmax ∣∣ = √ 2κ0 s1
√
2µ0~ωCPW
Lb2
. (5)
We will show that for the physical parameters to be con-
sidered in our calculations, the above two estimations are
4in good agreement.
In the setup shown in Fig. 1 at the location of the BEC
we assume that the y and z components of the magnetic
field of the CPW are negligible. This is a valid assump-
tion for clouds that are much smaller than the dimensions
of the cavity. Furthermore, we will approximate the am-
plitude of Bx with its value at the center of the BEC,
and neglect its spatial variation over the extension of the
cloud. This assumption may be applied if the linewidth
of the CPW resonator mode is much smaller than the
bandwidth of the BEC and thus the resonance condition
restricts the outcoupling to a thin disc around the center
of the BEC.
The distance d between the two systems has to be cho-
sen in a way to maximize the coupling while avoiding
the effect of van der Waals forces [18, 19] between the
trapped atoms and the CPW (d0 ' 1 µm). At a distance
of d > (d0 + a) in the negative y
′ direction, i.e., at the
center of the BEC (y = 0), according to Eqs. (B2) the
magnitude of the magnetic field is decreased by the factor
e−dγ1 ≈ e−pidb , with the assumption that γ1 ≈ pi/b, which
is valid for b λ. Therefore, we estimate the amplitude
of the magnetic field to be
Bx = e
−pidb |Bmax| . (6)
In order to determine the density of outcoupled atoms
at a spatial location r due to the interaction with a single
microwave photon we use Eq. (3)
N(r) = N(∆ ≈ 0, r) =
∣∣∣∣ ~ηMgl0
∣∣∣∣2D(0, r). (7)
In an experimental situation, the outcoupled atoms can
be counted by ionizing a part of the beam of atoms with
lasers. This defines a detection volume Vd. To get the
number of outcoupled atoms per unit time in this volume,
we need to integrate N(r) over Vd
N = N0
VBEC
(√
15µB
8Mgl0
)2
B2x
∫
Vd
D(0, r)d3r, (8)
where D(0, r) = D(0, r)/(µ/Ngs) is the dimensionless
spectral resolution function (C1) and we used the fact
that the chemical potential of a condensate can be writ-
ten as µ = 5N0gs/(2VBEC) in the Thomas-Fermi approx-
imation. In the following we will assume that the ion-
ization detection has unit efficiency, i.e., the number of
atoms in the above formula can be considered the detec-
tion signal in a unit of time.
B. Numerical estimation
In order to get a numerical estimation of the number
of outcoupled atoms by a single microwave photon let
us consider a spherical condensate of radius a = 5 µm
with N0 = 2 × 104 87Rb atoms, which corresponds to
a trapping frequency ωy = 2pi × 84 Hz and a chemical
potential µ/~ = 2pi × 0.75 kHz. The hyperfine splitting
of the atoms is Ω ≈ 2pi × 6.8347 GHz and in an offset
magnetic field B0 = 0.1 mT in the z direction the Zeeman
splitting of the magnetic sublevels is ω0 = 2pi×0.7 MHz,
and therefore the frequency of the cavity needs to be
ωCPW = 2pi × 6.8354 GHz.
We assume that the CPW is constituted by Al-film
conductors on a Sapphire substrate (ε = 11.5) with di-
mensions S = 15 µm, W = 10 µm, w = S/2, and
h = 500 µm. Such CPW’s have been measured to have
a quality factor of Q = 1.72 × 106 for low power, i.e.,
〈nphoton〉 ≈ 1 [20]. The effective permittivity is deter-
mined to be εeff = 6.25, and the length of the cavity is
L = 8.778 mm. Then, with a distance of d = 5 µm be-
tween the center of the BEC and the CPW, the amplitude
of the outcoupling magnetic field can be approximated
to be Bx ≈ 2.56 nT. (Note that for the same parame-
ters, the estimation based on the circuit QED result gives∣∣BCQEDmax ∣∣ ≈ 2.25 nT). Based on our numerical results we
find that by choosing the center of the detection volume
at ∼ 65 µm below the center of the condensate with a
height of yg = 60 µm, the number of atoms per unit time
in this volume is N ≈ 3. Assuming ionization detection
scheme with efficiency close to 1 [16], all these atoms are
detected, and N ≈ 3 calibrates the signal corresponding
to the detection of a single microwave photon.
The value of N in our setup is mainly affected by the
magnitude of the magnetic field, which can be increased
by reducing the width W between the center conductor
and the ground planes of the CPW, but it would re-
quire to move the BEC closer to the cavity, which is also
limited by the radius of the cloud. Increasing the num-
ber N0 of trapped atoms with increasing cloud radius
does not significantly increase N , as can be seen from
Eq. (8). However increasing N0 while keeping the cloud
dimensions the same or enlarging the detection volume
can obviously increase the number of outcoupled atoms.
IV. CONCLUSION
We have evaluated the capabilities of a magnetically
trapped Bose-Einstein condensate of Rubidium atoms to
detect the magnetic field of a superconducting coplanar
waveguide resonator by means of the atomlaser scheme.
We have shown that by the counting of single atoms out-
coupled by the measured field and falling out of the trap
due to gravity, weak microwave fields at the single-photon
level can be sensed and translated to a detectable signal
of a few atoms with an integration time on the order of
a second.
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Appendix A: Effective dielectric constant and the
capacitance of a CPW
For a conventional CPW on a substrate of relative per-
mittivity εr, the effective dielectric constant εeff and the
capacitance per unit length cCPW can be analitically ap-
proximated using conformal mapping techniques as [17]
εeff = 1 +
εr − 1
2
κ1
κ0
, (A1)
cCPW = 4 ε0 εeff κ0, (A2)
where κi = K (ki) /K (k
′
i), K being the com-
plete elliptic integral, k0 = S/(S + 2W ), k1 =
sinh
(
piS
4h
)
/ sinh
(
pi(S+2W )
4h
)
, k′i =
√
1− k2i for (i = 0, 1).
Appendix B: Analytical formulas for the magnetic
field of a CPW
If the transverse size of the conductors and their dis-
tance is small relative to the mode wavelength of the cav-
ity, then the quasi-static approximation may be applied
[21]. Let us introduce the coordinates x′ = x, y′ = y− d,
z′ = z + L/2 (see Fig. 1) to describe the magnetic field
components of the CPW, where d is the distance between
the center of the BEC and that of the CPW. For reasons
of symmetry, it suffices to restrict to one half of the struc-
ture (i.e., 0 ≤ x′ ≤ b, 0 ≤ z′ ≤ L), and consider the CPW
as coupled slots [22]. We assume magnetic walls at x′ = 0
and x′ = b = S/2 + W + w and open-circuit boundary
conditions at z′ = 0 and z′ = L = λg/2, with λg being
the mode wavelength [22, 23]. As a result of the longitu-
dinal boundary condition, the maxima of the electric and
magnetic fields are shifted in space. The magnetic field is
maximal at z′ = L/2, where the electric field is zero, and
zero at the two ends, where the electric field is maximal.
Here we only present the components of the magnetic
field for the case of odd (transverse) excitations, accord-
ing to Ref. 17. On the air side of the structure (y′ ≤ 0)
they can be approximated as
Bx(r
′)=p
[ ∞∑
n>0
sn
Fn
cos
(
npix′
b
)
e−γn|y′|
]
sin
(
piz′
L
)
,
By(r
′)=p
[ ∞∑
n>0
sn sin
(
npix′
b
)
e−γn|y′|
]
sin
(
piz′
L
)
, (B1)
Bz(r
′)=p
2b
λg
[ ∞∑
n>0
q
sn
nFn
sin
(
npix′
b
)
e−γn|y′|
]
cos
(
piz′
L
)
,
where
p =− iµ0µr 4V0
ηb
λ
λg
,
sn =
sin
(
npiδ
2
)
npiδ
2
sin
(
npiδ¯
2
)
,
q =1−
(
λ
λg
)2
, (B2)
Fn =
bγn
npi
=
√
1 +
(
2bv
nλ
)2
,
with δ = W/b, δ¯ = (S + W )/b, v =
√
(λ/λg)2 − 1, µ0 is
the permeability of free space, µr ≈ 1 is the relative per-
mittivity of the conductor, η =
√
µ0/ε0 is the impedance
of free space, and V0 is the voltage directly across the slot
between the central and ground electrodes. Let us note
that the complex factor i in the expression of p is due to
the fact that there is a pi/2 phase difference in the time
dependence of the magnetic field and the electric field,
i.e., when the magnetic field is maximal in time, then
the electric field is zero and vice versa.
For the case when b  λ, h, where h is the thickness
of the substrate, it can be shown that the magnetic field
on the substrate side of the structure is approximately
given by
B0≤y
′≤h
x (x
′, y′, z′) ≈−Bx(x′,−y′, z′),
B0≤y
′≤h
y (x
′, y′, z′) ≈ By(x′,−y′, z′), (B3)
while the z components of the magnetic field can
be neglected on both sides of the CPW, i.e.,
|Bz(r′)| , |B0≤y′≤hz (r′)|  |Bx(r′)| , |By(r′)|.
Appendix C: Spectral resolution function of the
BEC
It was shown in Ref. 13, that when the BEC is em-
ployed as a measuring device, its spectral resolution func-
tion can be written as
D(ω −∆, r) = (Mgl0)2 |F (ω −∆, r)|2 , (C1)
where in the case of a spherical BEC with radus a, in the
Tomas-Fermi approximation
6F (ω −∆, r) = − pi
Mgl0
√
µ
Ngs
∞∫
0
dk¯⊥k¯⊥J0(k¯⊥r¯⊥) Ci
(
y¯ − Ey(k¯⊥)
Mgl0
) 1∫
0
dr¯′⊥r¯
′
⊥J0(k¯⊥r¯
′
⊥)
×
a¯
√
1−r¯′2⊥∫
−a¯
√
1−r¯′2⊥
dy¯′
√
1− r¯′2⊥ −
y¯′2
a¯2
Ai
(
y¯′ − Ey(k¯⊥)
Mgl0
)
. (C2)
Here Ci is the complex Airy function Ci(x) = Bi(x) +
Ai(x), k¯⊥ is the length of the dimensionless wave vec-
tor perpendicular to the direction of gravity, with k¯2⊥ =
a2(k2x + k
2
z) = 2Ma
2(Ex + Ez)/~2, Ey(k¯⊥) = ~(ω −
∆) − ~2k¯2⊥/2Ma2, r¯′⊥ =
√
x′2 + z′2/a is the length of
the dimensionless position vector perpendicular to grav-
ity, while y¯′ = y/a is the dimensionless coordinate in the
direction of gravity inside the BEC. r¯⊥ refers to the di-
mensionless length of the position vector r perpendicular
to gravity.
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